Dai 56 tuyén tinh / Bai 3 ta1/16

Hai ma trdn, mdt khac biet

A = 1 2 ] - 2
2 4 3 4
dau vao v Av Bv

(1.1) G
(3, 0) fring' (3 q)

(2, -1) it hueng (0. 2)

cd mgt phang véo
A ép len dudng y = 2x

1. Hai ddu vao khdc nhau, mdt dau ra: dung d6 nhu hash collision.
Dd dung dd thi khdng cé ham nquoc.
2. (2, -1) khac 0 ma bi xda vé goc: ca mgt hudng mat sach.

B khdang lam cd hai. Khdc bigt géi trong mat s3: HANG.

ai-foundations Bai goc: 30 phit ddu - rank A = 1, rank B = 2
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Span = moi thir tao ra duoc

Chi c6 hai phép: cdng vector, nhdn vector véi mot s0.

T6 hop fuyén finh: a-vy+b-v, + ... + kev,

SPAN = tdp MOI 16 hop nhu the

Khéng phai bd nquyén Ligu, ma La moi thir cham t6i duoc (reachable set).

‘ ~
chi (0, 0) mat vector (1, 2)
— mdt diém - 0 chiéu — mgt duong thang - 1 chiéu
/ /]
(1. 3) va (2, 4) khéc phuong (1, 2) va (2, 4) ciing phuong
— cd mgt phdng - 2 chiéu — VAN mgt dudng - 1 chiéu

Hai vector KHONG dam bdo hai chiéu.

O cudi La cai bay, va La fodn bd bai ndy.

ai-foundations Bai goc §1
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Phu thudc: cé6 mot vector thim

Span cta (1, 2) va (2, 4) La qi?
a(1,2) + b(2, 4) = (a + 2b, 2a + 4b) = (1, 2t)

véit = a+ 2b, vi 2a + b = 2(a + 2b) = moi két qua nam trén dudngy = 2x.
(5, 6): cdn 6 = 2 x 5 = 10. Sai = NGOAI span, khdnq a, b ndo tao ra.
(6,12):12 = 2 x 6 v = fqo duoc, va bang nhigu cach:

(a,b) = (6,0), (0,3), (2,2), (4,1),(-2,4)

Gitr ndm cach nay Lai: 1¢ 8 cho Jrha'y ching lech nhau theo mdt quy ludt.

Dinh nghia

PHU THUOC tuy€n tinh: cé mdt 18 hop bdng 0
ma cdc hé s6 KHONG phdi fat ca bang 0. Nquoc Lai: pOC LAP.

' Noi kiéu ngut‘ri: c6 vector thita, né nam sén Jrrong span cla cdc vector kia.

A: cot (1, 2), (2, 4) B: cot (1, 3), (2, 4)
a(1,2) +b(2,4) =0 a(1,3) +b(2,4) =0
a+2b=0, 2a+4b =0(x 2) a+2b=0, 3a+4b=0
con mot rang budc: a = -2b =>-2b=0=>b=0,a=0
b=-1a=2:2¢,-¢,=0 chi c6 nghiém tam thuong
PHU THUQC: ¢, = 2c, pOC LAP

Bop mdt phéng thanh dudng < hai cat phu thudc < cling phuong.
Nhu cdt gia_ban_x2 trong SGL: chiém cho, khdng thém bit théng tin ndo.

ai-foundations Bai gdc §1-2 - Cha y: CQT, khang phai hang
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Co s&: khdng du, khong thieu

Co so = doc Lap (khdng du) + span dugc ca khdng gian (khéng thiéu).

Tim a, b:

a(1,3) +b(2,4) = (3,5)
a+2b=3, 3a+4b=5
the a = 3 - 2b vao pt 2:
9-6b+tb=5=b=2
>a=3-4=-

Kiem: -1-(1, 3) + 2-(2, 4)
=(-1+4,-3+8)=(3,5) vV

Ciing mgt mii t&n, hai bd s0
He chudn: (3,5). Cosé{(1,3),(2,4)} (-1, 2).

S5 chieu = so vector trong MOT co sé; chon co s& ndo ciing ra ciing s.
D6 la dinh Ly khién chit “chigu” cé nghia.

Poi co st La chuyén cua bai 6; & day chi can thay né ton fai.

ai-foundations Bai goc §3
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Hang = s chiéu con song sot

TGHk(H) = s0 chiéu cta noi M day moi thir vao
= s0 cot doc Lap tuyén tinh
= s0 chiéu phép bién dai gilr lai duoc

> V4
> 50 lan = hang.

> ra 1 chiéu

vao 2 chieu ong chi c6 1 lan
A = [[1,2],[2,u]] B =[[1,2],[3,4]]

hai cot (1, 2), (2,4) (1,3),(2,4)
cting phuong? cb: ¢, = 2¢, khéng cé 1i & nao
span cdc cot duongy = 2x cd R?
HANG 1 2
2 chieuvdo —» ra | 1 chieu, mat 1 2 chiéu, gilr nquyén
nghich ddo? KHONG co
det (bai ) 0 -2

Céc ca cuc doan dé chot khai niem

[[0,01.[0,01]: hang 0, bdp MOI thir vé gac.
[[1,01,[0,01]: hang 1, chiéu len truc x: (3,5) - (3, 0), (3, -2) - (3, 0).
[[1,01.00,11] = I: hang 2, khdng lam gi.

ai-foundations Bai goc §4
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Ba bay vé hang

01 Hang 1 # chi mgt hang hay mat cot khac 0.

1 2 4 6 déu khac 0, hang van 1.
2 4 Hang dém HUONG déc lap, khang dém 6 khac 0.

02 rank < min(s hang, s3 cat)

Ma trdn 368 x 4: hang t6i da la 4,

dii nd c6 168 hang.

Lo Ngdu nhién (3x2), (2x3)\. (5x2), (?6~8><L|)
—hang 2, 2, 2, 4: ludn bang min. Ngau nhién
thi khdng cé phu thudc ndo nqoai phan kich
thube ép (2x3: 3 ¢dt trong R? = thira 1 cdt).

P

03 hang theo cOT = hang theo HANG

17 1 2 Cot: ¢4 + ¢, = ¢y, thay trong 5 gidy.

1 2 3 Hang: hy - 2h, + h; = 0, phdi di fim.

1 3 4 Strang: "You might find that combination
T ~  quickly (I didn1)."

Poc theo HANG: mdi hang la mét phuong rinh = mét mat ph&ng frong R,
Doc theo COT: mdi cdt La mdt vector trong R,

Hai kigu hdng ludn di ciing nhau: 3 mat phdng khéng cat nhau tai mdt diém
& 3 vector cot ndm chung mot mat ph&ng. O bai hay: chc“ip nhhdn va ding.
Bay: null(A) va null(A") cung SO CHIEV, nhung La hai khdng gian khac nhau.

3¢ det = 0 < hang chua ddy (ma trdn vudng). Bdi 4 sé Lo phdn det.

ai-foundations Bai goc §4 (bdy 1-3), §4b



Dai 56 tuyén tinh / Bai 3 to3/16

Khéng gian c6t: dau ra cham t6i duoc

col(M) = span cdc cdt cia M = moi gid tri M-x c6 the tgo ra,
vi (bdi 2) M-x = xy-c8t 1+ x,-cdt 2: moi M-x La mét 1o hop cac cdt.
Hang = s6 chiéu ciia col(M). Dinh nghia gon nhdt.

col(A): +

y = 2x

(6, 12)
(-1, -2)
(3.6) ® X (5, 6) -4
(5, 6)
1,1) -1

Y
® (6.12) (3, 6) 0
0
0

x x NN S

(1. 1) v’ c6 nghiém (cd the vé so)
X X vd nghigm

(-1,-2) o

M-x = 1 cb nghiém < t nam trong col(M). Het.

Can than: np.linalg.solve(A, t) bdo “Singular matrix” véi MOI 1, ke cd
(3, 6) c6 nghigm. Loi d6 ndi “A suy bien", khdng néi "t ngodi col(A)".
Mudn biét (5, 6) vo nghiém: kiém y - 2x = -4 # 0.

B: col(B) = cd R? = B-x = T LUON cb nghiém.
Vidut=(3,5) - x = (-1, 2), dinq phép tinh & to 4.

Backend: tap qid fri tra vé THAT SU cham t6i duoc, khéng phai kieu tra ve.

ai-foundations Bai goc §5
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Khéng gian null: cdi bi bop vé qoc

null(M) = moi x véi M-x = 0. Chixa thir khac 0 = dung d6 = khéng dao duoc.

Alx, y) = (x + 2y, 2x + by) = (0, 0)

pt 2 = pt1x 2 = con mét rang budc: x = -2y
y=-1A2 -1)=(2-24-4)=(0,0) v
null(A) = span{(2, -1)}: mét dudng, 1 chiéu

scipy trd (-0.8944, 0.4432) = -(2, -1)/75: ciing dudng, da chudn héa.
Co s& khdng duy nhat (ca ddu): thu vien chon truc chudn, ban chon s3 nquyén.
B(2, -1) = (0, 2) # 0. null(B) = {0}: khong mat gi = B ddo duoc.

N&m céch ra (6, 12) & 10 3

(a, b) &1& 3 chinh La nghigm x cta A-x = (6, 12), vi A-(a, b) = a-c; + b-c,.

\ (6,0) - (0,3) = 3(2,-1)
24 (6.0) - (2,2) = 2.2, 1)
(2,2) - (-2,4) = 2:(2,-1)
Moi nghigm: x + 2y = 6.

Léch nhau ddng madt bai

(6.0 cta (2, -1): miii tén do.

Tdp nghiém cia M-x = t = mat nghiém x, + ca null(M)

vinuMx, =tvaMz=0thiM(x,+2) =1+0=+1.
null = {0} = nghiém duy nhat. null 1 chiéu = v6 s8 nghiém trén mdt dudng

ai-foundations Bai goc &6
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Hang + nullity = s8 cot

dim col(M) + dim null(M) = n (sd cot)

Mbi chiéu ddu vao: hodc duoc GIU LA, hodic bi BOP vé 0.
Khéng c6 lua chon thir ba, khang chigu ndo bign khai so sach.

nul.l.: (2, -1) \
\
Ta 1,1 3,6
= (1,1) A (3, 6)
= << = >
1 null - 0
R? ddu vao (n = 2)
R ddu ra

1 chiéu bi bop (nullity 1) + 1 chiéu gir lai (hang 1) = 2

ma trdn so cot hang nullity tong
A = [[1,2],[2,4]] 2 1 1 2V
B = [[1,2],[3,u]] 2 2 0 2V
C (3x3, 19 10) 3 2 1 3/
[[0,0],[0,0]] 2 0 2 2V
|, 2 2 0 2V

Bay 4 col(M) sdng & PAU RA R™, null(M) sdng & PAU VAO R". Ma trén 3x2:
null € R?, col € R*: chi c8ng duoc SO CHIEV, va tong La 2 (s6 cot).

ai-foundations Bai goc §%
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Khir Gauss: tinh hang bang tay

Ba phép bién doi hang KHONG dai hang: d6i cho hai hang - nhan mdt hang
véi s8 # 0 - cdnq bdi clia hang nay vdo hang kia. Xong d&m hang khdc 0.

C budc 1 butdc 2
K 3 1 2 3 1 2 3
4 5 >0 -3 6|—=| 0 -3 -6
1 9 0 -6 -12 g0 0 0
. - - ~ -~
R, <« R, - iR, Ry <R3- 2R,
R3<_R3-}R1

mdt hang bién mat

Hai hang khac 0 = rank(C) = 2.

3x3 md hang 2 = bép R® xudng mat MAT PHANG: nullity =3-2=1.
Di tiép t6i danq bdc thang RUT GON (rref): R, « R, = (=3), rdi Ry < R, - 2R,.

0 1 Xs=-X3=0 = X = X3

rref(C) = o 1 2 X, +2%x3=0 - X, = -2x3

0 0 0 X3 Tu do. Chon x5 = 1:
null(C) = span{(1, -2, 1)}

Kiem: C-(1,-2,1) =(1-4+3,4-10+6,%-16+9) =(0,0,0) v

3¢ Tru = s8 khdc 0 ddu tién cia mdi hang. Cat cb tru = cot ddc Lap.
Cot KHONG cb tru = c6t thim, sinh ding mdt chieu cta null: hang-nullity.

(1,0,0),(0,1,0), (1,1,0): cdt 3 = cdt 1+ cdt 2 = hang 2,
span = mgt phdng 2 = 0, null (1, 1, -1). Bay La cdu hoi 3818 1Gp 2.

ai-foundations Bai gdc §8 - scipy: -(1, -2, 1)/76
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Cd chai: chieu mat Lla mat han

rank(AB) < min(rank A, rank B)

A hang 1, B hang 2:

1o 11/16

3 10 | 5 10

AB = BA =
14 20 1M 22
hang 1 (hdng 2 = 2 x hang 1) hang 1

Nhén thém B, B, ..., B> véio A: hang van 1.
An du pipeline (khdng phdi cdc ma trdn B & trén):

— — > — —

3
1 2 4 5

stage 3 nén con 1 byte: cac stage sau manh dén may ciing khdng phuc hoi.
Autoencoder cb bottleneck; LoRA co y diing né.

Mat kia: hang thap thi NEN duoc
Hang 1 = fich nqoadi u ® w: Alil[j] = ulilwlj]. Véi A & trén:u=w = (1, 2).
m x n hang r: luu r(m + n) s6 thay vi m-n sé.

1000 x 368, r = 50: 50 x 1168 = 88.400 s3, thay vi 168.000 — 11,5%.
LoRA: W 4096 x 4096 = 16.37%.216 tham sd. Hoc them AW = U-V véi
U 4096 x 8, V 8 x 4096 (sdach viet B-A, khdng phdi A, B cla bai):

4096 x 8 + 8 x 4096 = 65.536 tham sd = 0,39%, it hon 256 Lan.

Y chung ctia LoRA, PCA, SVD va nén md hinh: hoc k§ & bai 9.

ai-foundations Bai gdc §9
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Hang frén dit Liéu that

X = U-V, U 131000 x 50, V 1a 50 x 368 = chi 6 50 chiéu that.
rank(X) = 50 v". Thém nhiéu 1e-3: rank(X + nhiéu) = 168 X vd nghia.

Gid tri ky di s (hoc ki & bdi 9): fam hiéu la 43 manh ciia ting hudng, x€p giam dan.

\ gid tri ky di (thang log)
\
' 50 chieu thgt
1e3 )
Te1
Te-1 nhiéu: phdng, bé
{
)
| =)
|
Te-3 ¢ y
0 chi s3 50 Sis

s[50] / s[0] = 4.96e-05: nhé hon khodng 20.000 Lan (d€m i 0: s[50] La gid tri thix 51).
Chi cdin 49 chiéu dé giir 99% nang lugng (niing luong = 8nq céc s°).
Bay 5

Dt Lieu that ludn cd nhieu: matrix_rank gdn nhu ludn ra hang day,

va gdn nhu Ludn vd dung. Cdi cdn La HANG HIEU DUNG:

nhin day qid tri ky di tut xudng & dau.

Ly thuyét: hang La s6 nquyén. Dir Lizu: mét dudng cong tut dan.

Tu cai rank() lech numpy? Gan nhu ludn do nqudng TOL, khdng phdi sai todn.

ai-foundations Bai goc §9, muc Code - seed 0 nhur bai
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Noi vdo Al

LoRA hoc W + U-V (sach: B-A), hang < r. Cuoc: thay doi c6 hang thap.
Attention W® 512 x 64, 100 token => QK 100 x 100 nhung hang < é4.

MLA (DeepSeek) ép KV cache qua khéng gian tiem an hang thap: co chai la thiet ke.

Embedding 168 chiéu danh nghfa, ning luong don vdo it chigu (¢ 12).
PCA (bai 9) tim khéng gian cat k chigu 16t nhdt dé chigu dr ligu vao.
Autoencoder Lop nén cd null # {0}: phan frong null bi xéa that.

Hiép phU’O’ng sai  suy bién khi ddc trung phy thude tuyén tinh (1o 3, doi tén).

Ma trdn la bo nho

Ghi cdp (k, v): W += v ® k (hang 1). Doc bang khéa q: W-q.

W-k; = 2 v; (kik)): khéa fruc chuan = chi con v;, doc ding

d chieu c6 15i da d khoa fruc giao = luu qua d cgp thi khéng the doc ding hét.
Bai tGp ~15 dong & cudi §9 (khda ngau nhién / truc chudn / delta rule).

Ba bai noi nhau

bdi 1 bai 2 bai 3
dot do goc ma trdn bién ddi hang: gitr duoc bao nhiéu

Attention: WY, W bign d3i (bai 2), ha hang xudng d, (bai 3), QK™ do géc (bai 1).

ai-foundations Bai gdc muc "Nai vao Al", §9
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M& rong: doc sau

Tru bé (§8b)

[[e, 11, [1, 11)-x = (1 + €, 2), nghiém dang La (1, 1) véi MOI €.
Khir tay, khdng doi hang (budc Ly € lam tru):

£ det sai 56 nghigm
1e-1 -0.9 8.9e-16

1e-8 -1.0 6.1e-09

1e-15 1.0 0.1 (11%)

Lap ludn nghe ding: det = +tich cac tru, khdng doi = tranh fru bé cling vd ich.
Ping vé dai s6, sai vé hdu qud: det trong "khoe”, nghiém thi nat, khéng canh bao.
Chi s6 tonq hop g nquyén # qud trinh bén frong lanh manh.

numpy doi tru nén qua vi du ndy, nhung khdng ctu bdi todn tu né nhay:

tru bé La Loi thudt toan, sd dieu kién xau La tinh chat ma tran.

Gram-Schmidt va A = QR (88c)

a, Trix cai bong Len moi vector dd xi Ly (bai 1).
Phan du = 0 = phuy thudc, dimq Lai.
. Gom hé sd: A = QR, Q cot truc chuan,
phén dur = g, R tam gidc trén.
>
g (fray)

VMLS: a, = (1,1, -1.1), 0, = (-1,3,-1,3),0; = (1, 3,5, )

= R = [[2,4,21,00,2,81,[0,0,4]]. Thay a; = a, + 2a, thi du ra ding 0.

Dt Lieu that thi du thuong = 1e-15 chix khéng ding 0 = cdn nqudng tol;
np.linalg.qr c6 the ddi dau cdt Q va hang R.

Ca hai phdn de sau khi xonq §1-9; khdng cdn cho fu kiem.

ai-foundations Bai goc §8b (Strang §4.1), §8c (VMLS §5.4, §10.4)
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Tu kiem, roi méi sanq bai 4

1. Span cua hai vector trong R? ¢4 thé La gi? Diéu kién timg trudng hop?
2. Chimg minh bang dai s6: A = [[1,2],[2,4]] bop mgt phdang Lén y = 2x.

3.A(1,1) = A3, 0). Suy ra hai suthdt gi (mdt vé kha nghich, mét vé
null)? (1, 1) - (3, 0) bang bao nhiéu, ndm & dau?

4. Vi sao hang + nullity = s3 cot La mot lugt BAO TOAN?

5. 3684 va ix168: hang t6i da? null cia moi cdi song trong R mdy chieu?

6. Vi sao rank(AB) < min(rank A, rank B)? Tra Loi bdng HANH DONG.

1. matrix_rank = 168 nhung s[50] (gid fri thtt 51) nhé hon s[0] 20.000 Lan:
hang “that" la bao nhiéu? Cau héi d6 c6 mdt dap an duy nhat khong?

8. LoRA r = 8: U-V hanq 16i da bao nhiéu? Gia dinh gi phai ding, sai khi ndo?

Cdu 6, T dat nhat. Cau 8 Lam ban Lang ting La du hiéu t6t: cdu me.

Bai tap gidy (trudc khi g6 code)
1. Hang ciia [[2,4,6],01,2,31,[3,6,911 bang khix Gauss; co s& ciia null.
(Nhin kj ba hang trudc, c6 the khang can khi gi.)
2. Ma tran ndo dua (1, 0) — (2, 4), (0, 1) > (3, 6)? Hang? Bép L&n dudng ndo?
3. Tim mdt ma trdn 3x3 hang ding 1, viet thanh u ® w. null c6 mdy chiéu?

Code: fu cai rank() bang khir Gauss, KHONG dting matrix_rank; kiém
hang + nullity = s6 cat trén A, B, C. Xong bai khi khép numpy.
3B1B: xem lai tdp 2, xem tdp T (chinh cda bdi); Gp 6, 8 La thudng.

T et s e S TN TR T ) TR S R O N S v TR o o et m Tm N N TR e T e P T fe e e TR S O et Ty, T am amm o e om Ty O e e o S

Mang sanq bai 4
det(A) = 0 di cing hang 1, det(B) = -2 di ciing hang 2. Mdt ma tran 3x3 hang 1

va mot ma frdn 3x3 hang 2 deu co det = 0: det danh mat gi ma hang giir?

Bai 6: hang co doi khi d6i co s¢ khéng? Neu khéng, cai gi Lam né bat bien?

ai-foundations Bai gdc muc Tu kiém va Bai 1dp vé nha
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Ddap nhanh

1. {0} néu ca hai bang 0; mét dudng néu ciing phuong (cd it nhat mat # 0);
cd mat phang néu khdng cling phuong.
2. A(vy, Vo) = (Vo + 2v, 2v4 + vy) = (1, 2) v6i t = v + 2v, = y = 2x.
3. Khdng khd nghich (hai vao, mdt ra) va null # {0}:
(1,1 - (3,0) = (-2, 1) € null(A), kiém A(-2, 1) = (0, 0).
4. Moi chiéu dau vao hodc véao col(M), hodc bi bop vao null(M);
khéng c6 lua chon thirba = tong = s chiéu ddu vao = sd cdt.
5. Ca hai hang < 4. 368x4: null € R". tx168: null < R™, nullity > F64.
6. ABx = A(Bx). Moi ddu ra cta AB la ddu ra cta A = < rank A.
B ép x vao rank B chiéu trudc; A khdng tao thém chiéu = < rank B.
. Khodng 50 (49 chiéu gitr 99% ndng luong). Khang duy nhat:
hang hiéu dung phu thudc nquéng ban chon.
8. rank(U-V) < 8. Gid dinh: thay ddi can cho tac vu nam frong it hudng.

Khi ndo sai La cdu hoi nghién ciu con mé, deg Him dép an déng.

Bai tdp gidy

1. Hang 1 = 2 x hang 2, hang 3 = 3 x hang 2 = hang 1.
null 2 chiéu: span{(-2, 1, 0), (-3, 0, 1)}.

2. [[2,3].[4,6]] (cdt = noi ey, e, ddp xudng): cot 2 = 15 x cdt 1= hang 1,
bép len dudong y = 2x.

3. Vidu(1,2,3) ® (1,1, 1): moi hang L& bdi caa (1, 1, 1); null 2 chiéu.

ai-foundations Dap s6 da kiem NumPy - Cau 8 la cau mé
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