Dai s6 tuyén tinh / Bai 1 to1/14

Vector ndo GIU huéng?

B = [[2,11,[1,2]] trén ba vector:

(1,0) - (2,1) dai hudng
(1,1) - (3,3) cing hudng, ddi x3 = X =3
(1.-1) > (1, -1) dimgq im hoan toan = A =1

\
Truc vang: hai huéng
sdnq sot qua B.
(10) (2.1 Moi vector khac bi
M vita gidin vita XOAY Lgch.
—- >

R = [[0,-11,[1,0]] (quay 90°) trén ba vector:

(1,00-00,1) (110-(11 3,2)-(-273)
Tat ca quay di. R KHONG cé eigenvector thuc nao.

Ban vita thdy todn bd dinh nghia, trudc khi doc Ly thuyet.

Ba dong R L cdi bay Lon nhét caa béi (136).

ai-foundations Bai géc: 30 phat ddu
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Dinh nghia ngdn hon ban fuong

Av=Ay, vz0

Eigenvector: KHONG bi @i hudng, chi co hodc gidn.
Eigenvalue X: hé s3 co gidn do.

"Ca mdt phép bien doi phitc tap, trén v, chi la nhdn véi mdt s6.”

V€ trdi n® phép nhan, v€ phai n: frén ding nhimg hudng d6, 0(n*) - O(n).

cdu hoi Tra Lo

v = 0 c6 tinh khdng? Khong: A-0 = X-0 véi MOI A

A =0 hop l&? Co: A = 0 co mit < det(A) =0
2v, -v, 100v? Ciing la eigenvector, cling A
Nquoc hudng (A < 0)? Van tinh: ciing TRUC

Eigenvector la mét TRUC, khdng phai mat miii tén.

/ numpy tra miii tén dai 1
chi vi phai in ra mét cai gi:

ddu va d6 dai KHONG mang
thdng tin.

ai-foundations Bai goc §1
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Vi sao lai la det(A - A1) =0

AvV=AYV

Av-axv=_0

Av-Alv=0 <« chénldéx thanh MA TRAN
(A-AD)v=0

A La s6, A la ma trdn: khdng trir fruc tiép dugc. Chen | = ép cling kiéu (cast).

Nhin bdng bdi 2 va bai 4

(A = Al) &n mdt v KHAC 0 va nha ra 0 = nd bop dep khdng gian:
cd mdt truc bi nén vé géc (v ndm trong null space).
Bop dep = dién tich 0 = dinh thitc bang 0.

det(A - Al) =0

Khai trién: da thic ddc trung bdc n theo A; nghiém = eigenvalue.

budc lam gi
1 viet det(A - A1) = 0 — da thirc déc trung
2 giai ra Ay, Ay, ..
3 moi A: gidi (A - M)v = 0 > truc
2x2 rat gon

A - trace(A)-A + det(A) =0 = A, + X\, = frace, A\, = det

ai-foundations Bai goc §2
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Vidu1: A =[[3,11,[0,2]]

det(A-A)=B-2N)2-2)-10=03-N)2-1)
>M=3N,=2 Kiem:frace5=3+2, det6 =32V

Tam gidc = eigenvalue = dudng chéo, khdng cdn tinh gi.

A=3A-31=[01[0-1M=>y=0>v,=(10)
A=2:A-21=[[11000]] 2y=-x=>v,=(1-1)

Dau hiéu lam dang: sau khi trir A1, hé Ludn THUA mét dong.
Ra nghiém duy nhat v = 0 thi ban gidi sai A (assert tu nhién).

VpVy = 1 # O:
hai fruc léch 45",
KHONG vudng géc.

L A(M) = (4,2): Lech

humpy: cdt 2 =
(-0.10%, 0.70%):
cling fruc, khac

> —= ,
A(1,0) = (3,0) dau va dd dai.

A(1,-1) = (2,-2)

ai-foundations Bai goc §3
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Vi du 2: B = [[2,1],[1,2]] d6i ximq

trace i, det 3: A°-tA +3=(A-3)(A -1 =\ =3,1
A=3B-3=[[-111-M=>y=x=>v,=(11)
A=1B-1=[M1N011=>y=-x=>v,=01-1)

V1'V2 = 1 - 1 = 0
= VUONG GOC.
LA 90 _
ma trdn dai xing? goc 2 truc
A = [[3,1],[0,2]] khéng 45°
B = [[211,[1,2]] co q0°

i ximg = eigenvalue thuc, eigenvector truc giao (dinh Ly phd).

Nh& KET LUAN, chua cdn chimg minh. Ma frdn hiép phuong sai ludn doi x(ng
= PCA cho cdc truc vudng géc = cdc thanh phan khdng chia sé thdng tin (bai 1).
numpy: (1,1)/42, (-1,1)/42: daing hai truc gidi tay, chudn hod vé d6 dai 1.

ai-foundations Bai goc §4
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Bay Lon nhdt: quay va trugt

R quay 90°: nghi b&ng HINH trudc. Xoay 90° dua moi fruc sanq truc vudng goc

véi nd = khéng fruc nao bat bién. Hai s3 chi xdc nhan:

trace 0, det 1: A* + 1 = 0, biét thirc -4 < 0 = khéng nghiém thuc.

numpy KHONG bdo L3i: tra +i, Ling L& d6i sang complex.

Nhu API tra 200 OK véi body réng: khdong tin hiéu dé, di Ligu hong chay xudi.
Ludn kiem .imag trudc khi tin eig trén ma trdn khéng ddi ximg.

Co du eigenvalue, van thieu eigenvector

S = [[1,1100,1]] (shear): (A - 1)? = 0= X = 1kép.
S-1=[[0,11,[0,0]] = y = 0: CHIi m&t truc (1, 0). rank(S - 1) = 1.
eig(S) tra V = [[1, -11, [0, 2.2e~16]]: hai c&t song song, det(V) = 0.
Shear giit Truc hoanh, truot moi thir khac. Goi La defective.

ma trdn eigenvalue so truc chéo hod?

A [[3,1],00,2]] 3,2 2 cb

B [[2,1],[1,2]] 3,1 2 c6, truc giao
R quay 90° +i (phitc) 0 khéng

S shear 1,1 (kép) 1 khéng

Bo qua duoc: y nghia hinh hoc cla eigenvalue phirc (quay + €O 9ian).

ai-foundations Bai goc §5
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Chéo hod duoc # kha nghich

Strang: "DiagonaLizabiLi’ry depends on enough eigen VECTORS.
Invertibility depends on nonzero eigenVALUES.

ma trdn A chéo hod khd nghich
[0,11,[0,0]. 0,0 X X
[3,11,00,3]. 3,3 X v
(1,01,00,01] 1,0 v X
| 1,1 v v

Ca bon 6 cta bang chan tri déu co nquoi 6.

[[3,11,[0,3]]: det 9, nghich déo thodi mdi, van chi mét truc (= S nhén 3).
= "kha nghich nén chac chéo hod duoc” SAI.
[[1,01.00,0]]: chi€u Lén truc x, det 0, nhung DA La dudng chéo.

= "suy bi€n nén chdc khdng chéo hod dugc” ciing SAI.

Quy tdc di hai vé

A Lip - cO THE thigu tryc — phai di PEM, khéng dodn (I c6 A Ldp van chéo).
A khdc nhau d@6i mét - LUON & truc — chéo hod duoc, khoi dém.

eig ludn tra V da n cot, ke ca khi defective.

Kiem matrix_rank(V), ding kiém V.shape: “chay duoc, s6 sai lang L&".

ai-foundations Bai gdc §5b (Strang §5.2)
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Trong co so eigenvec’ror: PUONG CHEO

Bdi 6: A = P7'AP v&i P tuy y. Bai F chon khéo: ¢t cla P = eigenvector.

P = P~ = [[0.5, 0.5], [0.5, -0.5]] (detP = -2)
: i
BP =I[[3,1][3 -1

P-'(B P) = [[3, 0], [0, 1]] = diag(3, 1)

Ma trdan dudng chéo khdng tron cdac toa dd véi nhau.

Moi fruc nhan ding mat s6: n phép nhan vé hudng chay song song.

Phép bien doi khdng phirc tap. Co s¢ chuan 7, j mai La thi TUY TIEN:
B rdng rdi vi ta nhin qua hé toq dd ch&ng lién quan gi téi no.
Nhu index: dir liéu va truy van khdng doi, chi cach 6 chic doi.

Chay frén x = (5,1)

P'x =(3,2) = x=3011)+2(1-1)

Ap B: chi nhan timgq foa &3 véi A cda né: (3:3,1-2) = (9, 2)
=911 +2(1-10=M113%)

Poi chieu: B:(51) = (10+1,5+2) =1, 1) vV

Mot duong di qua ma trdn, mat duong chi nhan hai sa.

ai-foundations Bai goc &6
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Khir Gauss PHA tri riéng

Tam giac = doc dudng chéo: chi ding cho CHINH ma trdn db, khdng cho U.
A = [[1,21,[3,4]], khix c6 ddi hang ra U:

qia tri
tri riéng that cla A -0.312281, 5.312281
dudng chéo cla U 3.0, 0.66666%
tich dudng chéo U 2.0
det(A) 2.0 (Léch dau: mgt lan doi hang)

Khir Gauss bdo todn det (tich), KHONG bdo todn timq ri riéng.

Phdn tich ndo sonqg sot qua A“?

A=LU =A*=LULU < U va L khdng triét tiéu: tic
A =SAS" = A2 = SA(S™SINS = SAS v

A% = [[165%51, 241570], [362355, 528106]], [ISA®S™ - A®|| = 1.16e-10
(s6 Lon = sai s6 tuyét ddi Lon theo, binh thuong, khdng phai bug)

phan fich de vi sao
LU (khi Gauss) GIAI Ax = b ré, 6n dinh
SAS™ (chéo hod) LAP A*x S7'S triet tieu

det ré vi chi can TICH cac try; eig dét vi can timg gid tri.
Bai 8 (Mp), RNN cudn L budc: déu ding SA*S™, khang chd ndo diing LU.

ai-foundations Bai gdc §6b (Strang §5.1-5.2)



Dai s6 tuyén tinh / Bai 1 +o10/14

Luy thir: A Lon nhat nuot tat ca

B* = P D“P™ cic PP & gitia trigt tiéu; D* chi la ndng timg s8.
B" = P.diag(59049, 1)-P™" = [[29525, 29524], [29524, 29525]] = ((3" + 1)/2)
O(k-n’) nhan Lgp — 0(n*) chéo hoa mdt Lan + O(n) cho D

k B%.(1, 0) cos véi truc (1,1)

1 (2,1) 0.9486332981

2 (5, 4) 0.993883134%

3 (14, 13) 0.9993148338 \
5 (122, 121) 0.9999915326

10 (29525, 29524) 0.9999999999 /

Xo = CVq+ GV, = B"Xg = ¢35y + 1My,

ch biing no, 1 dimg im: thanh phdn v, bi nhdn chim vé 1i L&.

Sau vai chuc vong, hudng ket qud la hudng v,, bat ke xudt phat tir dau.

Todn bd co ché ciia PageRank.

In quy&t dinh hoi tu VE BAU.
IN,l / INAl quy€t dinh hdi tu NHANH c& ndo.

Power iteration: nhdn M e x rdi chuan hod, Ldp k Lan. 5 dong code.

ai-foundations Bai goc §%
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Xem trudc bai 8: A

=

M = [[0.9, 0.5], [0.1, 0.5]]: m&i COT cdnq Lai = 1 (xdc sudt bao toan).
trace 1.4, det 0.4: N> =1Un +04=0=> N, =1 N, = 0.4

A1 = 1 KHONG triing hop: moi ma trdin t8ng c6t bang 1 déu cd A = 1.

M-1=1[[-01,05],[01,-05]]=>y =02x=>v=(1,0.2)
chudn hod tong = 1: w = (5/6, 1/6) = (0.833333, 0.166661), Mw = w v/

o 11/14

budc p (tir (1,0)) sai lech so véi w
1 (0.9, 0.1) 0.06666667
2 (0.86, 0.14) 0.02666667
3 (0.844, 0.156) 0.0106666%
" (0.83%6, 0.1624) 0.0042666%
6 (0.834016, 0.165984) 0.0006826%
10 (0.833351, 0.166649) 0.00001748
12 (0.833336, 0.166664) 0.00000280

Moi budc sai lech nhdn ding 0.4 = X,

0.06666661 x 0.4 = 0.02666661 v

Phan phéi dimg = eigenvector inq véi A = 1: vector duy nhat ma “chay them

mdt budc Lan truyen” ciing khong lam né doi. A, cho bigt can bao nhiéu vong.

Bai 8: lam trén do thi that, kem he so damping.

ai-foundations

Bai goc §%
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Noi vao Al

PageRank / PPR

Piem xép hang = eigenvector chinh (A = 1) cia ma fran chuyén tiép.

Ca web x€p hang bang mat phép nhdn ma tran Lap (bdi 8).

INoL /I
Quyét dinh s6 vong Ldp dé hai tu.
Con s6 nhin khi tuning thudt toan lan fruyén trén do thi.

PCA
Truc chinh = eigenvector cla hiép phuong sai; N = phuong sai giit Lai.
Hiép phuong sai d6i ximg = truc truc giao (bdi 9, mén 6).

Transformer sdu

Pho cta cdc ma trdn tron token gidi thich vi sao
bieu dien foken bj kéo vé ciing mét hudng khi tang dd sau.

Gradient

IN_max| >1= nd; < 1= tit.
Gdc clia viéc chuan hoa / clip gradient trong mang hai quy.

SVD
Chéo hod la ca riéng (vudng) cia A = UZV'.
SVD lam dugc ca ma trdn khong vudng: low-rank, LoRA (bai 9).

Bai 1 qdc, bai 2 bien doi, bai 6 doi co s, bai F: cd MOT co sé dic biet

lam phép bién doi chi con phép nhdn s6; d6i ximq thi co s& d6 con truc giao.

ai-foundations Bai gdc muc Nai vao Al
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»

13/

Tu kiem, roi mdi sanq bai 8

1. Vi sao BAT BUOC chén I? Vi sao v # 0 dan t6i det(A - A1) = 0? (bdng hinh)
2. A = [[311,00,2]] doc ra 3, 2 bdng mét. Quy tdc cho Lép ndo? Vi sao ding?

3. R khéng cd eigenvector thuc: mot cdu b&ng hinh; chd ndo trong da thixc?

4. S c6 N thuc (kép) van khong chéo hod dugc. Bieu kién that La gi?

5. v la eigenvector véi A = 3 thi -%v la gi? Eigenvector La vector hay tGp?

6. B c6 truc truc giao, A thi khdng. Tinh chat qi? Tén dinh Ly? Ni PCA.

1. Chimg minh B* = PD*P™" trong 2 ddng; vi sao Lip thi chay vé IN] Lon nhat?

8. A, = 0.4/50 véi A\, = 0.95: cdin nhiu hon bao nhiéu vong? (logarit)

Cdu 4 tach nquoi biet cong thic khoi nquoi hieu dieu kién. Chon mat: cdu .

Vigc tay bét budc (khong mo mdy)

1. Chéo hod C = [[4,11,[2,3]] (frace ¥, det 10): tim A, P, nhdn ra P~'CP.

2. X la eigenvalue cia A = A lg eigenvalue cla A ciing eigenvector. Ba dong.

3.[2,01,[0,2]] ¢4 eigenvalue gi? Eigenvector la nhing vector néo?

Meo tap 15 (3B18B)
m = trace/2, p = det, A = m + v(m?® - p). Ddu cia m* - p = bigt thir.
ma trdn m p A
A 2.5 6 3,2
B 2 3 3,1
R 0 1 m? - p = -1: khdng thuc
M 0.1 0.4 1, 0.4

ai-foundations

Bai g6c muc Ty kiem, Bai tdp vé nha
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Ddap nhanh

1. X la s6, A La ma frdn: cdn ciing kieu. A - Al nghién mét v # 0 vé 0 = bop dep
= dién tich 0 = det = 0.

2. Ma trdn tam gidc: det = tich dugng chéo = da thirc dd phan tich san.

3. Xoay 90° chuyén moi Truc sang truc vudng géc. A% +1 = 0: biet thic am.

4. Da n truc DOC LAP (dém sd truc), khdnq phdi dd eigenvalue.

5. Van La eigenvector véi N = 3. Eigenvector La ca mét truc (tdp), khong phai
mot mii tén.

6.8 = B": dinh ly phd = truc truc giao. Hiép phuong sai d8i ximg = thanh
phan chinh vudng géc = khdng tuong quan.

1. (PDP)* = PD(PP)D...DP™" = PD*P™. B*x = Z ¢\ v;: A Lén nhdt ap dao.

8. Sai lech ~ A, = k ~ log € / log A,z log 0.4 / log 0.95 = 1%}.9 Ldn nhiéu hon.

Viéc tay

LN =-IA+10=(A-5)(A-2).A=5v=011;)=2:v=(1,-2).
P = [[111.11.-2]1 = P”'CP = diag(5, 2).

2. A'v = A1) = AATV = L=

3N=2 (kép), va MOI vector khac 0 déu la eigenvector: 2| gidn deu moi hudng.
NGi cdu 5: "truc” khéng duy nhat khi X Lap.

ai-foundations Dap s6 dd kiem NumPy
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