Dai 56 tuyén tinh / Bai 9 ta1/16

Vit mot nia, tra dang O,

A =[[21101.2]], U, S, V' = np.linalg.svd(A)

S=1[31]
A, = gy = [[15,15], [15,151] (qir DUNG 1 gid tri)
”A - A1" =1.0

1.0 chinh la 05: gia tri ban vira virt.

Vit MOT NUA ma trdn di, sai s8 phai tra BANG DUNG gid tri suy bi€n bi virt.
Khéng xdp xi, khéng “khoang chimg”. 6 La foan bs bai 4 trong mat dong.
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A A; (hang 1) A-A,

A - A, = O,u,V, s Ldp thixhai, hang 1, "ndng luong” @,* = 1.

Muc tiéu bai

Moi ma trdn = xoay — co gidn theo truc — xoay.
Virt truc co gidin yé’u nhdt La cach nén TOT NH?‘(T, c6 chimg minh (Eckar’r—Young).
Khéng phai heuristic hay.

ai-foundations Bai géc: 30 phat ddu
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Xoay — CO 9iﬁn — Xoqay

A=0U.2 .V

U, V truc giao (chi xoay/lat), X chéo: 01> 0, > ... > 0. MOl ma frdn m x n.

bubc ma trdn lam gi (doc phai — fréi)
1 A XOAY hé tryc ddu vao sang hé "ding’
2 > CO GIAN theo timg fruc méi: truci x o
3 U XOAY ket qud sang hé truc dau ra
\ Puong tron don vi
— elip.

Nda fruc dai = 0,
nta truc ngén = 0.

Quét 200.001 diem:
max ||Ax|| = 3.0
min [[Ax]| = 1.0

0, = hé s6 phong dai LON NHAT ma trdn qdy ra (worst-case latency).

0./0_min = so diéu kién: con s3 thu vién diing dé canh bdo mdt chir s.

Ba budc. Khdng cé budc thix fu.

ai-foundations Bai goc §1
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SVD so véi chéo hod (bai #)

chéo hod A = PDP™’ SVDA = UZV'
vuéng? BAT BUOC khéng cdn (3x2 ciing chay)
ludn 16n tqi? khang LUON, khéng nqoai L&
P/ U,V tryc giao? néi chung khdng Ludn
so ra c6 the phic ludn thue, > 0

Chéo hod la API co thée ném exception. SVD khdng bao gi& ném.

Vi the thuc hanh s6 hoc diing SVD, ké ca khi ca hai déu chay.

Céu néi: A'A

A=UZV' = A'A = VZIU'UZV' = vZ?V' (U'U = I vi U tryc giao)
ATA d8i ximg, va VZ*V" CHINH LA chéo hod ctia né (bai 1, dinh Ly phd).

g, = (eigenvalue clia A'A)

1. Tinh ATA, tim eigenvalue X, (may méc bai 1), dat o, = V..
2. Eigenvector caa A'A (chudn hod) = cdt clia V.

3.u = Av; / 0; chotimg g; > 0.

Tinh fay thi 16t. Cai may thi dimg dung ATA (1o 12).

ai-foundations Bai goc §1, §2
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Tinh tay A = [[21](12]

1.A'A = [[5, 4], [y, 5]]
[[5.4],[4,51]-(1, 1) = (3,9) = 9(1,1)
[[5.u],[4,51]-(1, -1) = (1, -1) = 1-(1, -1)
>A=91=>0,=30,=1

2. A\ (1, 1)/1/2, Vo = (1, -1)/1/2.
3.u1= Av/0,=(3,3)/v2/3=(11)/v2
U, = A'Vz/oz = (1, -1)/1/2

9] day U = VviA doi x(ng: ca ddc biét, dimg Tudng Ludn vay.

Ba phép kiem chéo, Lam Luén

ddng thirc kiem doc La

ldet Al = Mo, 3=3x1V/ det = tich co gidn (bai 4)
IAll_F* = 2o ¥10 = 31623 v "néing luong” chia cho cdc truc
hang =s6 0 # 0 2=2V dinh nghia sach nhét cta hang

Bdn ma trdn mac

A o] doc La

[[3,0],[0,2]] 3,2 dd chudn sin, U = V = |
[[0,-11.01,01] quay 1,1 tryc giao < moi 0 =1
[[1,01,00,0]] chiéu 1,0 mdt truc x 0 = hang 1
[[1,2],[2,4]] 5,0 hang 1 (1o 6)

ai-foundations Bai goc §2
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By ddu, va bai tay bat budc

np.linalg.svd([[2,11.[1,2]]) tra:
U =[[-0.70%1, -0.70%1], [-0.70%1, 0.30%1]]
V' = [[-0.30%1, -0.30#1], [-0.70%1, 0.30%1]]

Cot ddu cia U La (-0.30%4, -0.30%1), khéng phai (0.7011, 0.30%1). Ban KHONG sai:

d6i ddu cd u; Lan v, thi g,uy," khdng dai (hai ddu am triét tiéu).

Pimg so U, V timg phan ti véi numpy. So G va ban 1éi tao UZ V.

Nquadn Loi s6 1 khi tu cai SVD, va nd KHONG phai bug.

Ty lam: C = [[3, 0], [4, 5]]

Ba budc nhu to 3, khang mo may. Rai doi chiéu:
C'C = [[25, 20], [20, 2511 A =45,5

0 =3V5=6.17082, V5 = 2.2361

det C = 15; kiem:3v5.-v5=35=15/

\ dnh duc‘mg tron qua C
hai nira truc: 6.31va 2.24

ai-foundations Bai gdc §2 (BAY, bai tap tay)
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Hang = so 0 khac 0

B = [[1,2],[2,u]] (bai 3): 8'8 = [[5,101,[10,20]1), A = 25,0=> 0 =5, 0
vi=u, = (1,2)/45: gpung =5(1/5)-[[1.21,[2,41] = B CHINH XAC

B = (1,2)"(1, 2): bdn s& chi chir HAI s6 théng tin. [IBII_F = 5 = g,

Hang cé/khdng; phd G tra Loi BAO NHIEV.

0 nhd nhung khdc 0 = "gan phu thudc": thir dinh nghia b&ng cot doc Ldp khdng do duoc.

Hang hang = hang cdt (fra no bai 3)

A=UZV' > A= VZU": CHUNG mgt X = cling s6 0 # 0 = cling hang.
Khéng phai hai dai luong tinh c& bang nhau: mdt dai lugng doc tix hai phia.

Hang thdp # ma trdn nhé

G 50%50, G[i, j] =i + j: 2500 so.
hang(G) = 2, 0 = 2646.706%, 196.3061, 0, 0, ...
Vi G = i1" + 1': 18nq ctia HAI tich nqodi.

Kich thudc = kha ndng CHUA.
0 = ndi dung that dang chira.
Nhu bang 200 cot ma 198 cot

suy ra duoc tir 2 cot kia.

géc 6x6 cua G

ai-foundations Bai goc §3
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0 # eigenvalue: cho eigenvalue noéi doi

Phép truot S = [[1,11,00,1]] (bai 2): eigenvalue = 1, 1 - "khdng co gidn gi"?
Nhin hinh di: né rd rang KEO gidn. Eigenvalue néi déi.

S'S = [[111,[1.2]], » = 0.382, 2.618 = 0 = 1.618, 0.618
1.618 = (1 + ¥5)/2 1i s8 vang, 0.618 = nghich dd0. 0,0, = 1= ldet S| v

Kéo dai 1.618 Lan theo mdt hudng,
nén 0.618 lan theo hudng vudng géc.
Vdo nghiéng 58.28", ra nghiéng 31.12".

1.618 Eigenvector cla S triing nhau (hang 1):
bai % bé tay. SVD van sach sé.

4 Quay 90°: eigenvalue +i (phiic);
0 =1, 1: "chi xoay, khdng co gidn".

eigenvalue singular value
tra Lo hutng ndo KHONG d3i? hutng ndo gidn MANH nhdt?
phép fruot 1,1: v6 dung 1.618, 0.618: dling
phép quay +i: kho doc 1, 1: doc ngay
ludn ton tai khdng cd

Ngoai l&: ma frdn ddi xtmg ntta xac dinh duong thi hai thir fring nhau: cho PCA séng.

ai-foundations Bai goc §4
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Cét = nén: truncated SVD

A= Opuvy + 02Uy, + .. + Uy, (mbi s8 hang hang 1)

Mat chong Lop hang 1, dd xép san theo quan trong giam dan.

SVD khéng “tinh" ra dieu méi: no SAP XEP thit c6 sén.

01 =13.96 A; = qilr 3 Lop trén
g2 =9.86

g3 = 6.43

gl =4.21

g5 = 2.8% virt phan dudi

g6 = 2.04

A_k = gruvs + ... + _ku_k v_k' (hang ding bdng k)

Luu m x n s6 gdc, hay k vector u (m s6) + k vector v (n s8) + k s6 O
k-(m + n +1). Véi 50x50: k-101 so véi 2500.

Chicolagikhik<mn/(m+n+1).

50x50: hod von tai k = 24.35 = gil 25 thanh phan la dd LO (101 % dung luong).
1000x1000: hod vén k = 499. Gdc O(mn), nén O(k(m + n)): thang khi k << min(m, n).

Ma trdn cang to, Jrhcﬁng cang dam. Ma frdn vudng nho gan nhu khdng dang.

ai-foundations Bai goc §5
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Nén that: MIi, j1 = exp(-li - jl / 8)

& 9/16

50 muc xép thir t, cang gdn cang giong (attention thién Léch cuc bg, tuong quan chudi).

Hang PAY DU 50, [IMII_F = 19.241815. T ddu: 13.96, 9.86, 6.43, 4.21, 2.8%, 2.04, ...

k sai s0 fuong doi ndng Luong qilr dung luong

1 0.6884 52.601 % 4.04 %

2 0.4595 18.881 % 3.08 %

5 0.1118 9%.048 % 20.20 %

10 0.0616 99.543 % 430.40 %

20 0.0280 99.922 % 30.80 %

25 0.0215 99.954 % 101.00 % «~dald

Gilt 5/50 thanh phdn (10 %): con 9%.048 % ndng lugng.

D6 La cdu trd Loi cho "SVD nén theo nghia nao”.

muc fiéu ndng luong k can dung luong
90 % 3 1212 %
5 % 5 20.20 %
9 % 3 32.32 %
99.9 % 19 16.76 %

I~

ndng luong tich Luy theo k (0 — 50)

ai-foundations

Bai gdc 86
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Padi ching; nhieu KHONG nén duoc

N = default_rng(?).normal(size=(50, 50)): mai 6 ngau nhién déc Lap.
O dau: 13.410, 13.12%, 12.465, 11.828, ...  nhé nhat 0.2062. PH:‘&\NG Li.

k sai s0 fuong doi ndng Luong
1 0.9624 1.39%

5 0.8250 3195 %

10 0.6112 54.13 %

25 0.3210 89.10 %

90 % ndng luong can k = 26 = 105.04 % dung lugng: nén xong TO HON 96'C.

pho nhiéu: phang

SVD khang nén gi cd. DU LIEU méi nén duoc.

SVD chi tim ra chd nén va do né. gzip khdng Lam file nhé di: su Ldp Lai
trong file méi lam. Dua gzip /dev/urandom thi né phinh ra.

Phé g La bdo cdo "dir Lieu nén duoc t6i dau”, doc duoc TRUOC khi nén.

ai-foundations Bai gdc §6 (d3i ching)
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Eckart-Young: tham lam LA 181 uu

Trong MOI ma trdn B c6 hang < k, A_k lam [|A - Bl nhé nhat (Frobenius va phd).
IA - A_KI_F = v(o°_{k+1} + a*_{k+2} + ..), lIA-A_Kll, = o_{k+1}

H 6’1-6' q, k = 5: ”H - H5”_F = 3.30610q = '/(zi=6 O-iz); ”H - H5"2 = 2.0"'3‘138 = 06 \/

i tha 1: chon nham 5 Lop

git thanh phan sai s6 Frobenius

1,2,3,4,5 3.306109 T SVD cdt
1,2,3,4,6 3.810598

1,2,3, 4,50 4.316618

1,2,3,56 4.941285

2,3,45,6 14.196036

Pai tha 2: 20.000 khdng gian con ngau nhién

Moi khdng gian ldy xdp xi 16t nhét bén trong né (chiéu truc giao).
t6t nhat 16.23, SVD 3.31 = SVD hon ké may mdn nhat 4.9 ldn.

Bdi 96c: ALS 30 Lan khoi dau, 400 vong: ca 30 Lan vé dang 3.306109.

Tham lam CHINH LA 18i uu, cb chimg minh.

Nhu mdt query planner chimg minh duoc Ludn ra ké hoach ré nhat.
o_{k+1} La TRAN LOI doc duoc trudc: khdng cdn thir, nhin phé’. Do thay vi doan.

ai-foundations Bai goc § - d6i tha 2 chay lai véi default_rng(0)
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Ty cai: power iteration + boc tach

Ding Lai ddng power iteration cla bai 8:

1. 1dp v < R'(R v), chudn hod = v hdi tu vé v,
2.0=|Rvl, u=Rv/a0

3. boc tach: R < R - a-u v', lp lai cho lép sau

Ty cai khop numpy: [3, 1] cho A, va 10 0 dau cta M Léch < 1e-8.

Ba nghi pham khi l&ch numpy

. ddu u/v: KHONG phdi bug (1 5).
2. s6 vong qud it khi hai o Lién nhau gén bang nhau:

hoi tu theo (0_{i+1}/0,)% o sat nhau thi bo rat cham.
3. sai chi sd khi béc tach.

Viét R'(R v), dimq dung (R'R) v.

cond(ATA) = cond(A)*: A = [[2,1],[1,2]] cond 3 — ATA cond A.
cond 1e6 — 1e12: dn 12 trong ~16 chix so cta floatéu.
Cang thic 3 bubc: 15t d€ TINH TAY, té d€ CAI MAY.

SVD ddy da tn O(mn-min(m, n)) = 0(n°) véi ma frdn vudng

16 12/16

100k x 100k thi khdng tuéng = randomized / truncated SVD chi tim k Lop dau.

ai-foundations Bai gc §8
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Noi vao Al

PCA = trirtrung binh, roi SVD, roi goi V la truc chinh. Ba dong.

300 diém tam (50, -20): 5?/(n-1) = [10.209, 0.3804] = eigenvalue clia hiép phuong sai.
v, = (09341, 0.35%1). QUEN trix v, = (0.928%, 0.3309) bam huong TRUNG BINH (0.9280, 0.3325).

LoRA d r B, A ti le

4096 8 65.536 0.3906 %
4096 16 131.012 0.1812 %
4096 64 524.288 3.1250 %
1024 8 16.384 1.5625 %

Gid thiet ngdm: AW c pho pOC. Phé phéng nhu nhieu = LoRA hong. r chinh la k.

MLA (kieu DeepSeek-V2, 60 Lop, 128 ddu): KV cache 1.966.080 — 34.560 s6/token = 1.358 %;
100k token fp16: 393.22 GB — 6.912 GB. Cache mdt latent nhé, dung Lai K, V tir no.
Embedding 1 triéu x 168 — 128 chiéu: 16.68 % dung luong (+ V 0.393 MB). Nhé chiéu ca query.

Attention (T = 64, d_head = 8, seed 0): hang(QK'/+d) = 8 < d_head; softmax phd hang thap

(hang 53) nhung 8 0 ddu van giit ~61 % ndng luong = monq cla linear attention, Linformer.

Gradient: nhan 40 Lop, méi Lép = 0.9 hay 1.1 x tryc giao = 0, = 0.9 = 1.48e-02 (tGt)
hodc 1.1 = 45.3 (nd). [IABI, < IAIlIIBII,: vanishing L& bai todn o (mdn 3).

PCA, LoRA, MLA: cling mat y “qiir k truc Lon".

Khéc & chd ma trén nén duoc TINH bang SVD hay duoc HOC.

ai-foundations Bai goc §9 - attention va Jacobian chay lai véi seed ghi trén
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Nhin Lgi mdn 2: chin bai dung nén qi

bai 1 dot do géc, phép chiéu cho cdi bong

cosine: §F = chiéu lén khéng gian con tot nhat

bdi 2 ma tran la ddng ti, cdt = noi co s& dap

mang no-ron bt budc cdn phi tuyén

bdi 3 hang = s6 chiéu that caa anh
— 56 0 khac 0

bdi 4 det = 0 = bép dep
 ldet! = Mo, mét o = 013 du dep

bdi 5 ma tran khdng vudng, embedding

- SVD chay trén moi m x n

bai 6 ddicosd, Q' =Q"
— SVD = ddi sanq V, co gidn, ddi sanq U

bai ¥ eigenvector: hudng khdng doi
— 0, = ¥ M(A'A); khi ndo eigenvalue néi ddi

bai 8 Markov, power iteration
— duing lai dé ty cai SVD

bdi 9 SVD, hang thdp
gom ca tam bdi = cach nén TOT NHAT

Xong mén khi: tra Loi T cdu "tdn ciing” & README mdn 2 §6, va PageRank tu viet
khop nx.pagerank sai s3 < le—6 trén it nhat 3 do thi (capstone).

ai-foundations Bai goc §10
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Ty kiém: tra L&i dugc mdi xong mon 2

1. Xoay — co gidn — xoay (ng véi U, Z, V the ndo? Vi sao doc phdi — trai?
2. Vi sao 0; = (eigenvalue ctia A'A)? 2 dong; chd ndo diing U tryc giao?
3. Truot: eigenvalue 4, 4, singular value 1.618, 0.618. S8 nao ding? S nao dai?

4. Nhiéu 50x50 cdn k = 26 cho 90 % ndng lugng (105 % dung luong).
Cau "SVD la thuat todn nén" sai & dau? Phat biéu Lai.

5. Eckart-Young: hai hé qua thuc dung (khéi tim kiém; biét trudc sai s).

6. LoRA thém 0.39 % tham s6: gia thiet ngdm vé AW? Sai thi hong & dau?

1. PCA quén frir trung binh: vi sao v, bam hutng trung binh? (n96n hqtt SVD)
8. Gli, jl = i +j c6 hang 2: chimg minh mgt dong bang fich ngodi.

Cau 4 La cau sau nhat clia cd mén 2. Cau 3 va 6 dang thi nhi.

Ba bai tay bt budc

1. SVD tay ctia C = [[3,0],[4,5]] &4 ba budc; chi so 0 va ban tdi tao.
2. Nén mdt anh xdm that: bang k = 1, 5, 20, 50, 100 nhu & 9. k nao mat khéng
phén biét duoc? Biem hoa von mn/(m + n + 1) cia anh d6?

3. Dung mdt ma frdn phd phang va mat phd déc; cdu tric ndo lam pho ddc?

3818 KHONG cb ap ndio vé SVD. Nquén chinh: MML ch.4 §4.5, §4.6.
Xem lai tdp 13, 14; tdp 16 (Abstract vector spaces) La phan thuéng cudi mén.

Mon 3: chain rule qua nhiéu Lép = nhdn chudi Jacobian:; vanishing = bdi toan O.

ai-foundations Bai goc §11, 812



Dai 56 tuyén tinh / Bai 9 to 16/16

Ddap nhanh

1. VT xoay ddu vdo, X co giéin theo truc, U xoay ra. Ax = U(Z(V'x)): V' chay trudc.
2.A'A = VZU'UZV' = VZ2V' (U'U = 1) = chéo hod AA, eigenvalue = G°.
3. 0: phép truot THAT kéo gidin 1.618 lan. Eigenvalue chi néi khdng fruc nao
doi hudng, khéng nai gi vé bop méo.
4. SVD khdng tao kha néng nén: nd PHAT HIEN va DO kha ndng nén cd san trong
dir Ligu. Pho phang = khdng c6 gi dé nén.
5. Khdng cdn tim kiém/13i uu: cdt k Lop ddu La xong. Sai s6 = o_{k+1}
(phd) hodc v(Z a* con Lai) (Frobenius), doc trudce khi cdt.
6. AW cdn thiét co phd ddc: vai g ddu ganh gdn hét. Phd phdng = r nho mat
phan Lon ndng luong, fine-tune khdng hoc duoc.
. Khéng trir = 0, do khodng cach dam diem 16i GOC: huéng Lon nhat La
hudng t6i tam, khdng phai huéng phuong sai.
8.G = i1" +1j": tnq hai ma trdn hang 1= hang < 2 (va = 2 vi i, 1
dac Lap).

e e Tm o o wr a em TR G e T wf e m TR e T e Tm N S om ST R e P e T S oA ey S e S PN e S T T e n e a® s O e = S

Bai tay 1

C'C = [[25,201,[20,25]]: eigenvector (1), (1,-1) = X =45, 5.
= 3V5 ~ 6.1082, 0, = V5 = 2.236%; v, = (11)/¥2, v, = (1,-1)/72.
c\/1/01 (3,9)/(v2:37¥5) = (1,3)/¥10; u, = C-v,/0, = (3, -1)/¥10.
00,=15=detCV

ai-foundations Dap s6 dd kiem NumPy
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