Dai 56 tuyén tinh / Bai 10

Ddu ctia MOT vector chia ding hai cum

Hai cum {0,1,2} va {3,4,5}, ndi bsi DUNG mdt canh 2—3:

@/@\@ /

N
L = np.diag(A.sum(1)) - A« fodn b dinh nghia, mdt dong

\3/ !

tri rieng: 0, 0.4384, 3, 3, 3, 4.5616
eigenvector thir hai u, = (-0.46, -0.46, -0.26, 0.26, 0.46, 0.46)
ddu (u,>0) =[000111]

+

@/@\@ A

- - + +

Khéng néi s6 cum, khdng hat giong, khang thugt toan phan cum.
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Chi Lfiy eigenvector thir hai clla mét ma trdn, va DAU clia né chia dang hai cum.

D6 La toan bo bai nay.

Bai 8 do "qdn" bdng Lan truyén nqgau nhién; bai 10 do bang PHO.

ai-foundations Bai géc: 30 phat ddu
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L =D - A la MAY DO CHENH LECH

img nhin ma trdn: cho né dn mat vector. Gan mai nit mét s6 — f.

(L] = Z_{j ke i} (fLi] - f[j])

‘l

@/\ Q/\o

f=(3.1 q, 1,5,9)

Lf=(1,-5 %, -15, 0, 12)

Nat 4: f = 5, hang xém 3 (f =1) va 5 (f = 9):
(5-1) + (5 - 9) = 0: CAN BANG véi hang xom.

Nhén A: thu gom gia tri hang xém. Nhdn L: do minh l&ch bao nhiéu véi hang xém.

Ban rdi rac cta toan i Laplace trong gidi tich: Ly do cla cai tén.

Thém mat budc: f'LF
fiLf = %X _{ij ké} (f[i] - f[j1)* = 119

Tong qua moi cdp 6 canh; % vi moi canh d&m hai ldn trong tong doi.
f'Lf nhd < nat ndi nhau cb gié tri gdn nhau <> f TRON trén 46 thi.

ai-foundations Bai goc §1
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Cdu tric do thi — ham ndng luong

Fiedler, phan cum pho, vé dd thi, over-smoothing frong mang dé thi:
tét ca chi La CUC TIEU HOA hotic KIEM SOAT dang dang toan phuong nay.
Khdng cé y tudng thir hai.

Hé qua mien phi
fILf La tonq binh phuong = ludn > 0 = L nia xdc dinh duong

= moi 1rj riéng > 0. Chimg minh xong ma khdng tinh frj riénq ndo.

L1 = 0: mdi nit Lech 0 so véi hang xom khi moi gid tri bang nhau.

tron: f'Lf = 0

/ doc déu: f'Lf = 3
./.\'/. 96 ghé: fI1Lf = 23

(d6 thi dudng 4 nit: ndng luong = tong binh phuong chénh trén canh)

ai-foundations Bai goc §1
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Dung L tir ma trén Lien thudc

B c¢& n x m: mdi COT la mét canh, -1 & nat ddu, +1 & nat cudi.
B'f = dd chénh frén timg canh: (B'f), = f_cudi - f_ddu.

canh 0,1) (0,2) (1.2) (3.4) (3.5) (4,5)

chénh -2 1 3 4 8 4

(2,3): -3. Binh phuong: 4+1+9+16+64+16+9=19V/

fILf = BT = (8BNS

(BBT); = hang i véi chinh né = BAC cla i.
(BB"); = -1 néui, j ke (hai ddu nquoc nhau), 0 néu khéng. = BB' = D - A.
Hai ddu cau: hang 2 - hang 3 = -1 = L[2,3]; hang 2 - hang 2 = 3 = bdc nit 2.

Bon hé qud

1. IB'fII* > 0: nia xdc dinh duong, khéng cdn he s8 %.
2. Hutng canh vé can: Lat canh = di dau cdt b, ma b b" = (-b)(-b)".
3. Mdi cot B tong 0 = B™1 = 0=L1=B(BM) = 0.
4. DEm manh bang hang: 6 tri riéng 0 = n - rank(B).
Lien thong 6 nit: rank(B) = 5= 1. Cat cdu: rank = 4= 2.

Dirichlet energy (VHLS): tong binh phuong d3 chénh trén canh.

ai-foundations Bai gdc §1b (VMLS §%.3)
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Tri rieng 0 DEM sd manh

f'Lf = 0 & moi s8 hang = 0 < f[i] = f[j] trén MOI canh

& f hang s8 trén moi manh Lién thang

Co s& cla nhan L: vector chi bdo ting manh (1 trén manh, 0 nqoai).

1

. |
YAV

cét cau 2—-3

tri riéng cda L sau khi cdt: 0, 0, 3,3, 3, 3
Boi cta tri riéng 0 = so manh Lién thdng.
Cau hoi TO HOP rdi rac ("mdy manh?") ¢ cdu tra Loi LIEN TUC

("s8 chiéu ciia mdt khéng gian con"). Chuyén pha nhén thic cia cd bai:

vector chi bao cum CHINH LA mét eigenvector.

networkx: number_connected_components = 2 = so tri riéng < 1e-10.

ai-foundations Bai goc §2
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Fiedler A,: vi sao trj riéng THU HAI cét

1. Tri riéng = cuc tri clia thuong Rayleigh R(f) = 'Lf / ' (Rayleigh-Rit2).
2. Véi L, tirs8 = X (f[i] - f[j1)* canh nao bi “cat qua” thi bi tinh tién.

Tt s8 Rayleigh La CHI PHi CAT mém.
3. Cyc tiéu tuyét dai: f hang, R = 0: "khéng cdt gi". V6 dung.

Ep f 11 (t8ng = 0) = BAT BUOC c6 niit duong, niat am = phéi cit that.

4. Cyc tieu dudi rang budc d6 = Ay; vector dat né = Fiedler vector u,.

A2 nhd < ¢ cdch chia d6i rdt ré < do thi gan dit.

A, = 0 & dit that (19'5). u, = ban LAM MEM ctia vector chi bdo cum.

+0.465  +0.465
0261 @ ®
o
[ nat0..5
O o -0.261
-0.465 -0.465

quan sat trong u, nghia
3 nGt @m, 3 nat duong phép cdt {0,1,2} 1 {3,4,5}
nat 2, 3 c6 Igid tril nho nhat hai dau cdu: sat ranh gioi
tong = 0 chinh La rang budc u, L 1

ai-foundations Bai goc §3
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Bay: A, Lon KHONG phai “cum tot"

Do thi day du K,: triringclal = 0, 6, 6, 6, 6, 6.

A2 = 6: Lon gdp ~14 Ldn
do6 thi hai cum (0.4384).

Nhung K, KHONG cé cum ndo.

A2 Lon = kho ct = khong co cum. X\, nhé = c6 cum ré.

u, LUON tra vé mot phép cdt, ké ca khi khdng c6 cum ndo: nd budc phdi.
Phai nhin X, & biét phép ctt d6 c6 y nghia khdng. Chi nhin u, La ban sé

tim ra “cum” frong nhieu.
Chay phdn cum thi bao gi¢ cling ra cum; cdu héi that La cum c6 THAT khéng (madn 6).

Ché @ heng thir hai

D6 thi gdn ddy da: moi tri riéng phu xdp xi bang nhau, khéng c6 KHE HO pho
= phuong phap phd khéng phat hién cum nao, ke ca cum yéu c6 that.

Ke: ndm tri riéng phu bang nhau chan chén.

ai-foundations Bai gdc §3 (BAY)
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Bdi 8 va bai 10: hai cdu hoi khac nhau

bai 8: Markov bai 10: Laplacian
ma trdn P=D"A L=D-A
d8i ximg? KHONG CO = dinh Ly phd
eigenvector troi (A = 1) thir hai tir day (X,)
tra Loi nat ndo QUAN TRONG? cat & DAU?
ket qua mdt thir hang mdt phép chia

Lrw=D"L=1-D"A=1-P

P va L_rw c6 CHUNG eigenvector, tri riéng ddo: A cla P < 1- X claL_rw.
Trdi cia P (X = 1) o ddy cta L_rw (0). Kiem bang s&: khop.

Phén phgi ding cia budc ngau nhién va eigenvector day: MOT vat, hai phia.

Bdy: P va L_rw KHONG ddi ximg
Phdi diing eigvals, khong diing eigh. Khang ddi xtmg = khéng c6 dinh Ly pho:

khéng dam bao co s& truc chudn, khong dam bdo tri riéng thuc.

L_sym =D"(-1/2) - L - D"(-1/2)

Pong dang véi L_rw (cling phd) nhung pOI XUNG (cé dinh Ly pho).
Ly do that khang phai “on dinh s6": cdn dinh Ly pho thi phai c6 ma trdn dai xing.

ai-foundations Bai goc §4
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NGi vao Al: ba cho qdp Laplacian

(a) Phén cum pho

1. dung L (hodc L_sym) 2. ldy k eigenvector (ngq k tri riéng NHO nhat
3. nit i > hang i clia ma trédn eigenvector (diem trong R¥) 4. k-means.
Budc 3 = nhing do thj vao khdng gian Euclid: graph embedding thudn khiét nhat.

Phai BO u, (vector hang): nhu PCA frix trung binh, truc moi mau giéng nhau v4 ich.
(b) Ve 45 thi dep

MGi canh La 1o xo; ndng luong X wllp(v;) - p(v)II* = ding dang toan phuong & 2.

Lay u, LIEN TUC dé ve, Ly DAU ciia u, d€ cét: cting mét thugt toan.

(c) Mang no-ron &6 thi

B3 loc phd tong qudt: cdn phén rd tri rieng (dat) va méi nit phu thude ca 46 thi.
Ep bd loc = da thirc bac K caa L: < 6,1, hét phan rd tri riéng.
L(i, j1 = 0 khi khodng cach > k = da thirc bac K = chi nhin hang xém trong K bute.

Spectral va spatial hod ra la MOT. Tinh dinh x{ roi ra mién phi fir rang budc.

Bai 8 cdn lai: over-smoothing.

Bo phi Jruyé’n, chong L Lop = Lluy thia mat ma trdn lan truyén = power iteration:

hodi tu ve eigenvector trdi (chi chta bac cda nat), mdt sach ddc trung dau vao.
PageRank MUON quén diéu kién ban ddu; mang d3 thi thi diéu kién ban ddu la DU LIEV.
Dieu kién dinh Ly: Lién thong va KHONG hai phia. D3 thi user-item thi hai phia.

Mot ket qua todn khdng tu né 1ot hay xdu: tuy ban mudn gi.

ai-foundations Bai goc §5
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Dai chimg: cdu that va nhieu

(a) Hai cum 10 nat DAY DU, ndi béi k canh cdu:

k 1 2 S 10
A 0.1690 0.3431 0.9010 2.0000
ddu u, ding? Vv v v v

A2 TANG theo k: dinh canq chit cang khé cdt. Nhung phép cét van ding
& ca ban k. Mudn Llam hong: tang k niia, hay lam hai cum THUA di? Thir ca hai.

(b) Erdds-Rényi 20 nit, CUNG mdt dd véi (a) k = 5 (p = 0.5):
seed 0 1 2 3

A, (ER) 3.4266 4.3562 4.4954 4.5645

Hai cum that k = 5: N, = 0.9010. ER Lon gdp ~4-5 Lan.

U, VAN tra mot phép chia & ca bon seed: nd budc phdi.

A2 Lon gdp nhiéu Lan La dau higu PUY NHAT cho biét phép chia v6 nghia.
Phuong phap ludn trd dap an; cdn mdt con s6 KHAC dé biet dap an co nghia.
Khéng c6 ddi chimg: “phdt hién cdu tric” trong nhieu, bang trong y nhu that.

(c) k = 2: k-means trén 3 eigenvector ddy va trén hang ma trdn ke déu 100 %.
Bai toan dé thi phuong phdp phirc tap khdng hon baseline tdm thuong.

Viéc that: tim cdu hinh (cum thua, Long nhau) ma phé thang.

ai-foundations Bai goc &7 - ER sinh nhu nx.gnp_random_graph(20, 0.5, seed)
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Ty kiem “tan cing’

1. Chimg minh f'Lf = »Z(f[i] - f[j1)? bénq khai trién fruc tiép.
2. Tlrcdu 1, L ntm xdc dinh duong ma khéng tinh tri riéng ndo.
3. Vi sao L1 = 0 véi moi @6 thi? Hai cach: (LT)[i] va cdu tric D - A.
4. D6 thi 5 mdnh: bdi tri rieng 07 Mot co s& clia nhan L?
5. Visao ép f L 1khi tim X,? B6 di thi cuc tieu La gi?
6. A, = 6 trén K,, 0.438 frén hai cum: d6 thi ndo dé cit? Diing u, trén K,?
. Vi sao nt 2, 3 ¢4 luyl nhé nhdt? Thang tin d6 diing vao viéc gi?
8.L_rw = | - P chung eigenvector v&i P. Vi sao van can L_sym? (dinh Ly phd)
9. PageRank MUON héi tu ve eigenvector rdi, mang do thi SO dieu do.
Vi sao cling mdt ket qua vira La tinh ndng vixa La Loi?

Cdu 1 va 9La hai ranh giéi.

Cheeger: bign minh cho o 6 (46 thi d-déu)

K/2 < h(G) < ¥(2dk), K = A,(L), h = min (canhr&i S) / ISI (Zhao Thm 3.2.13).

Q, (d =4): K =2, h=1=K/2: cin dudi CHAM. Chu trinh 20 dinh (d = 2): k = 0.09%9,
h =0.2>> K/2 = 0.049, cdn trén ¥(2dk) = 0.63: h c& VK, cdn d0 cin bac hai.

A2 Lon = khdng c6 chai (tuyén tinh). X, nhé = cd cat t8t, nhung chi 16i cin béc hai.

Do thi bac Lech (nhu d6 thi memory): cdn Laplacian chuan hoa (Chung, Spielman).

ai-foundations Bai goc 86, §8
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Ddap nhanh

1F1LF = 5, dF2 - 5, Aff, = uZ, A2+ £2- 26f) = nZA(f - £)2
2. Tong binh phuong > 0 v&i moi f = moi tri riéng > 0 (Ldy f = eigenvector).
3. (LDIi1 = Z(1-1) = 0; hodc hang i ctia D - A: bc — (s6 1 trén hang) = 0.
4. Boi 5; co s6: 5 vector chi bao (1 trén manh k, 0 noi khdc).
5. B6 rang budc = f hdng, R = 0: "khdng cat” (nghiém tam thugng).
f 1 1bét budc co hai ddu = phai chia ddi that.
6. Hai cum dé ct hon nhiéu. Trén K,, u, van cho mat phép cdt nhung vé nghia.
3. Chang La hai dau cdu, sat dudng cdt. Cho bigt nat ndo & RANH GIO.
8. P, L_rw khdngq d6i ximg: khdng c6 dinh Ly ph6 (truc chudn, tri riéng thuc).
L_sym ddi ximg, dong dang L_rw = cling phd ma c6 da dinh Ly.
9. Cuing dinh Ly hdi tu vé eigenvector trdi. PageRank cdn quén diem xudt phat;

GNN thi diem xudt phat La dix ligu: quén la mat ddc trung (over-smoothing).

— T T e e TR O s S, e P W P E P, amm TR S G oyl cmm SV R G e g CED g P g N, G et P T et gmm T o T, Ve S e Py Nu wm— , =
N A

Ma & Tang, Deep Learning on Graphs §2.4-2.5 (tr.26-32), §5.3, §14.2.
Gallier & Quaintance ch.20 (1r.301-121). VMLS §%.3 (ma trdn Lién thudc).
Zhao, Graph Theory and Additive Combinatorics, Thm 3.2.13 tr.105 (Cheeger).

ai-foundations Dap s6 dd kiem NumPy
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